The initial and boundary value problem for the fractional diffusion equation in half-space with the Robin boundary condition is considered. The solution is comprised of two parts: the contribution of the initial value and the contribution of the boundary value, for which the respective fundamental solutions are given. Finally, the solution formula of the considered problem is obtained. 
Introduction
The fractional calculus approach provides a powerful tool for the description of memory and hereditary properties of various materials and processes [1] [2] [3] [4] [5] [6] [7] [8] . It has been applied to many fields in science and engineering, such as viscoelasticity, anomalous diffusion, fluid mechanics, biology, chemistry, acoustics, control theory, etc. In recent years, fractional differential equations have attracted much attention and some analytical methods have been proposed [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
By fractional diffusion equation we mean the linear integro-differential equation obtained from the classical * E-mail: duanjssdu@sina.com; duanjs@sit.edu.cn diffusion equation by replacing the first-order time derivative by a fractional derivative (in the Caputo sense) of order λ with 0 < λ ≤ 1. In the one dimensional case, it reads [3] [4] [5] [6] [7] [8] [15] [16] [17] [18] [19] [20] 
where denotes a positive constant, and are the space and time variables, = ( ) is the field variable, which is assumed to be a causal function of time , i.e. vanishing for < 0, and D λ is the Caputo fractional derivative operator of order λ with respect to time .
We recall the definition of the Caputo fractional derivative of order λ > 0 for a sufficiently well-behaved causal function ( ) [3] [4] [5] [6] [7] [8] 
where Γ(·) denotes the Gamma function. The fractional diffusion equation was explicitly introduced in physics by Nigmatullin [18] to describe diffusion in special types of porous media, which exhibit a fractal geometry. Mainardi [16, 17] and Metzler and Klafter [19] considered the solution of the fractional diffusion equation. In [16] , the equation in half-space with the Dirichlet boundary condition was solved. In [19] , the equation in half-space was subject to the homogeneous Dirichlet (or absorbing) boundary condition and the homogeneous Neumann (or reflecting) boundary condition, respectively. In this work, we consider the solution of the fractional diffusion equation in half-space with the Robin boundary condition. We use the integral transform method, including the Laplace transform and a combined transform of the Fourier sine transform and the Fourier cosine transform in order to treat the Robin boundary condition. We will use the Laplace transform formula for the Caputo fractional derivative
is the Laplace transform of the function ( ).
Model and its solution
We consider the initial and boundary value problem for the fractional diffusion equation subject to the Robin boundary condition,
where are dimensionless constants, > 0, ≥ 0, ≥ 0, + > 0, and and ψ are specified functions on (0 +∞), sufficiently well-behaved to guarantee the sequel operations.
Applying the Laplace transform L with respect to to both sides of Eqs. (4) and (6) we obtain
where the initial condition (5) is used and we denotē
In order to use the boundary condition ( (6) or (8)), we introduce the kernel
and define the integral transform K :
where F and F stand for the Fourier sine transform and the Fourier cosine transform [21] ,
The following properties will be used
The inverse of the transform K is
Utilizing the properties (12) we obtain the K transform for the derivative term in Eq. (7),
Hence applying the transform K to both sides of Eq. (7) and using the boundary conditions (8) we obtain
from which we derive
We introduce the functions
then we have from (15)- (17) that
where 1 ( ) satisfies the initial and boundary value problem with homogeneous boundary condition,
while 2 ( ) satisfies the initial and boundary value problem with homogeneous initial condition,
In the sequel, we derive the expressions for 1 ( ) and 2 ( ). >From Eq. (16) we have
We observe that the fundamental solution of problem (19)- (21) is
We recall the formula [4]
where
is the Mittag-Leffler function with two parameters. Using formula (27), we rewrite Eq. (26) as
Thus we have
We consider two special cases. 
(31) In order to express 2 ( ) in Eq. (17), we first use the transforms
to obtain
Hence we have
>From Eqs. (17) and (35) we obtain
where * denotes the Laplace convolution with respect to , and
is the fundamental solution of problem (22)-(24). We consider two special cases for V ( ). Case 1: = 1 and = 0
The boundary condition (24) becomes Dirichlet type. The fundamental solution (37) becomes
Case 2: = 0 and = 1
The boundary condition (24) becomes Neumann type. The fundamental solution (37) becomes
Using the two fundamental solutions U( ; ξ) and V ( ), we can express the solution of the general initial and boundary value problem (4)- (6) as 
When λ = 1, calculating the inverse Laplace transforms in Eqs. (37), (38) and (39) we obtain
(44)
(46)
A comparison of integer-order case and fractional-order case
The Mittag-Leffler function in Eqs. (28), (30) and (31) can be calculated by the algorithm proposed by Gorenflo et al. [22] , and the MATLAB subroutine was presented by Podlubny 1 . We use the built-in command 'quadgk' in MATLAB to calculate the improper integrals in Eqs. (28), (30), (31) and (41)-(43). We take ξ = 1 and = = = 1, and plot the curves of U 1 ( ; 1) versus for specified values of in Fig. 1 , the curves of U 2 ( ; 1) versus for specified values of in Fig. 2 and the curves of U( ; 1) versus for specified values of in Fig. 3 , where the upper subfigures correspond to the case of λ = 1 and the bottom subfigures correspond to the case of λ = 0 5. It is obvious that the curves of the fundamental solutions U 1 ( ; 1), U 2 ( ; 1) and U( ; 1) for the case of λ = 1 are smooth, while there are cusps for the case of λ = 0 5. In addition, the fundamental solutions U 1 ( ; 1), U 2 ( ; 1) and U( ; 1) for the case of λ = 0 5 have larger peak values than the case of λ = 1 at the same time. We calculate the inverse Laplace transforms in Eqs. (37)-(39) numerically by the algorithm and the MATHEMAT-ICA subroutine proposed by Abate and Valkó [23] , and compare the case of λ = 1 with the case of λ = 0 5 for the fundamental solutions V 1 ( ), V 2 ( ) and V ( ). We take = 1, = 1 and = 1, and plot the curves of V 1 ( ) versus for specified values of in Fig. 4 , the curves of V 2 ( ) versus for specified values of in Fig. 5 , and the curves of V ( ) versus for specified values of in Fig. 6 , where the upper subfigures correspond to the case of λ = 1 and the bottom subfigures correspond to the case of λ = 0 5. Comparing the two subfigures in Figs. 4, 5 and Fig. 6 , we find that the fundamental solutions V 1 ( ), V 2 ( ) and V ( ) for the case of λ = 1 have larger peak values than the case of λ = 0 5 at the same time, and have an obvious crossed territory for the curves of the different values of . We note that Figs. 1, 2 and 3 are generated by MATLAB, and Figs. 4, 5 and 6 by MATHEMATICA for the respective calculation purposes.
Conclusion
The initial and boundary value problem for the fractional diffusion equation in half-space with the Robin boundary condition is solved by using the integral transform method, including the Laplace transform and a combined transform using the Fourier sine transform and the Fourier cosine transform. The combined transform can skilfully utilize the Robin boundary condition. Two fundamental solutions corresponding to the initial value and the boundary value, respectively, are derived. Finally, the solution formula for the considered general initial and boundary value problem is obtained.
